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E-POLYNOMIAL OF THE SL(3,C)-CHARACTER VARIETY OF FREE
GROUPS
SEAN LAWTON AND VICENTE MUN˜OZ
Abstract. We compute the E-polynomial of the character variety of representations of a rank
r free group in SL(3,C). Expanding upon techniques developed in [10], we stratify the space
of representations and compute the E-polynomial of each geometrically described stratum using
fibrations. Consequently, we also determine the E-polynomial of its smooth, singular, and abelian
loci and the corresponding Euler characteristic in each case. Along the way, we give a new proof
of results in [1].
1. Introduction
Let Γ be a finitely generated group, and let G be a complex reductive algebraic group. The space
of G-representations is
R(Γ, G) = {ρ : Γ→ G | ρ is a group morphism}.
Writing a presentation Γ = 〈x1, . . . , xn|R1, . . . , Rs〉, we have that ρ ∈ R(Γ, G) is determined by the
images Ai = ρ(xi), 1 ≤ i ≤ n. Hence we can write ρ = (A1, . . . , An). These matrices are subject to
the relations Rj(A1, . . . , An) = Id, 1 ≤ j ≤ s. Hence
R(Γ, G) ∼= {(A1, . . . , An) ∈ G
n | R1(A1, . . . , An) = . . . = Rs(A1, . . . , An) = Id}
is an affine algebraic set, since G is algebraic.
There is an action of G by conjugation on R(Γ, G), which is equivalent to the action of PG =
G/Z(G), where Z(G) is the center of G, since the center acts trivially. The G-character variety of
Γ is the GIT quotient
M(Γ, G) = R(Γ, G)//G,
which is an affine algebraic set by construction. Note that if we write X := R(Γ, G) = Spec(S),
then X//G = Spec(SG).
Every element g ∈ Γ determines a character χg : X → C, χg(ρ) = tr(ρ(g)), with respect to an
embedding G →֒ GL(n,C). These regular functions χg ∈ S are invariant by conjugation, and hence
χg ∈ S
G. Consider the algebra of characters
T = C[χg | g ∈ Γ] ⊂ S
G,
and let χ(Γ, G) = Spec(T ). There is a well-defined surjective mapM(Γ, G)→ χ(Γ, G), which is an
isomorphism when G = SL(n,C) among other examples; see [15].
In this paper we are interested in the character variety for the free group on r elements Γ = Fr
and for the group G = SL(3,C). We compute the E-polynomial (also known as Hodge-Deligne
polynomial) of M(Fr, SL(3,C)). The E-polynomial of M(Fr, SL(2,C)) has been computed in
[1] by arithmetic methods (using the Weil conjectures). Recently, in [14], the E-polynomials of
2010 Mathematics Subject Classification. 14D20; 20C15; 14L30; 20E05.
Key words and phrases. Character varieties, E-polynomial, free group.
1
2 S. LAWTON AND V. MUN˜OZ
M(Fr,PGL(n,C)) have also been computed by arithmetic methods, where the result is given in
the form of a generating function.
Here we use a geometric technique, introduced in [10], to compute E-polynomials of character
varieties. This consists of stratifying the space of representations geometrically, and computing the
E-polynomials of each stratum using the behavior of E-polynomials with fibrations. This technique
is used in [10] for the case of Γ = π1(X) for a surface X of genus g = 1, 2 and G = SL(2,C) (and
also with one puncture, fixing the holonomy around the puncture). The case of g = 3 is worked
out in [12], the case of g ≥ 4 in [13], and the case of g = 1 with two punctures appears in [11].
To implement this geometric technique for character varieties for SL(n,C), for n ≥ 3, we need to
introduce the equivariant Hodge-Deligne polynomial with respect to a finite group action on an
affine variety. This will be useful for studying character varieties of surface groups in SL(n,C),
n ≥ 3.
We start by recovering the E-polynomials e(M(Fr, SL(2,C))) of [1] and e(M(Fr,PGL(2,C)))
of [14], verifying that they are equal. Then we move to rank 3 to compute e(M(Fr, SL(3,C))) and
e(M(Fr,PGL(3,C))). They turn out to be equal again. The latter one coincides, as expected, with
the polynomial obtained in [14].
Unlike the methods used in [14] to obtain e(M(Fr,PGL(3,C))), our method provides an explicit
geometric description of, and the E-polynomial for, each stratum. By results in [5] this additional
information determines the E-polynomial of the smooth and singular loci of M(Fr, SL(3,C)), and
by [6] also determines the E-polynomial of the abelian character variety M(Zr, SL(3,C)).
Our main theorem is thus:
Theorem 1. The E-polynomials e(M(Fr, SL(3,C))) = e(M(Fr,PGL(3,C))) and they are equal to
(q8 − q6 − q5 + q3)r−1 + (q − 1)2r−2(q3r−3 − qr) +
1
6
(q − 1)2r−2q(q + 1) +
1
2
(q2 − 1)r−1q(q − 1)
+
1
3
(q2 + q + 1)r−1q(q + 1)− (q − 1)r−1qr−1(q2 − 1)r−1(2q2r−2 − q).
From the definition of the E-polynomial of a variety X , the classical Euler characteristic is given
by χ(X) = e(X ; 1, 1). Consequently, we deduce:
Corollary 2. Let r ≥ 2. The Euler characteristic of M(Fr, SL(3,C)), M(Fr,PGL(3,C)), and by
[4] also M(Fr, SU(3)), is given by 2 · 3
r−2. The Euler characteristic of M(Zr, SL(3,C)), and by [6]
also M(Zr, SU(3)), is given by 3r−2.
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2. Hodge structures and E-polynomials
Our main goal is to compute the E-polynomial (Hodge-Deligne polynomial) of the SL(3,C)-
character variety of a free group. We will follow the methods in [10], so we collect some basic
results from [10] in this section.
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We start by reviewing the definition of the Hodge-Deligne polynomial. A pure Hodge structure
of weight k consists of a finite dimensional complex vector space H with a real structure, and a
decomposition H =
⊕
k=p+qH
p,q such that Hq,p = Hp,q, the bar meaning complex conjugation on
H . A Hodge structure of weight k gives rise to the so-called Hodge filtration, which is a descending
filtration F p =
⊕
s≥pH
s,k−s. We define GrpF (H) := F
p/F p+1 = Hp,k−p.
A mixed Hodge structure consists of a finite dimensional complex vector space H with a real
structure, an ascending (weight) filtration · · · ⊂ Wk−1 ⊂ Wk ⊂ · · · ⊂ H (defined over R) and a
descending (Hodge) filtration F such that F induces a pure Hodge structure of weight k on each
GrWk (H) = Wk/Wk−1. We define H
p,q := GrpF Gr
W
p+q(H) and write h
p,q for the Hodge number
hp,q := dimHp,q.
Let Z be any quasi-projective algebraic variety (possibly non-smooth or non-compact). The coho-
mology groups Hk(Z) and the cohomology groups with compact support Hkc (Z) are endowed with
mixed Hodge structures [2, 3]. We define the Hodge numbers of Z by hk,p,qc (Z) = h
p,q(Hkc (Z)) =
dimGrpF Gr
W
p+qH
k
c (Z) . The Hodge-Deligne polynomial, or E-polynomial is defined as
e(Z) = e(Z)(u, v) :=
∑
p,q,k
(−1)khk,p,qc (Z)u
pvq.
The key property of Hodge-Deligne polynomials that permits their calculation is that they are
additive for stratifications of Z. If Z is a complex algebraic variety and Z =
⊔n
i=1 Zi, where all Zi
are locally closed in Z, then
e(Z) =
n∑
i=1
e(Zi).
Also, by [10, Remark 2.5], if G→ X → B is a principal fiber bundle with G a connected algebraic
group, then e(X) = e(G)e(B). In general we shall use this as e(X/G) = e(X)/e(G) when B = X/G.
In particular, if Z is a G-space, and there is a subspace B ⊂ Z such that B ×G→ Z is surjective
and it is an H-homogeneous space for a connected subgroup H ⊂ G, then
e(Z) = e(B)e(G)/e(H). (1)
Definition 3. Let X be a complex quasi-projective variety on which a finite group F acts. Then
F also acts of the cohomology H∗c (X) respecting the mixed Hodge structure. So [H
∗
c (X)] ∈ R(F ),
the representation ring of F . The equivariant Hodge-Deligne polynomial is defined as
eF (X) =
∑
p,q,k
(−1)k[Hk,p,qc (X)]u
pvq ∈ R(F )[u, v].
Note that the map dim : R(F )→ Z gives dim(eF (X)) = e(X).
For instance, for an action of Z2, there are two irreducible representations T,N , where T is the
trivial representation, and N is the non-trivial representation. Then eZ2(X) = aT + bN . Clearly
e(X) = a+ b,
e(X/Z2) = a.
In the notation of [10, Section 2], a = e(X)+, b = e(X)−. Note that if X,X ′ are spaces with
Z2-actions, then writing eZ2(X) = aT + bN , eZ2(X
′) = a′T + b′N , we have eZ2(X ×X
′) = (aa′ +
bb′)T + (ab′ + ba′)N and so
e((X ×X ′)/Z2) = aa′ + bb′ = e(X)+e(X ′)+ + e(X)−e(X ′)−. (2)
4 S. LAWTON AND V. MUN˜OZ
When hk,p,qc = 0 for p 6= q, the polynomial e(Z) depends only on the product uv. This will
happen in all the cases that we shall investigate here. In this situation, it is conventional to use
the variable q = uv. If this happens, we say that the variety is of balanced type. For instance,
e(Cn) = qn.
3. E-polynomial of the SL(2,C)-character variety of free groups
Let Fr denote the free group on r generators. Then the space of representations of Fr in the
group SL(2,C) is
Rr,2 = Hom(Fr, SL(2,C)) = {(A1, . . . , Ar) |Ai ∈ SL(2,C)} = SL(2,C)
r.
The group PGL(2,C) acts on Rr,2 by simultaneous conjugation of all matrices, and the character
variety is defined as the GIT quotient
Mr,2 = Rr,2//PGL(2,C).
We aim to compute the E-polynomial ofMr,2 using the methods developed in [10] and to recover
the results of [1]. We have the following sets:
• Reducible representations Rredr,2 ⊂ Rr,2 and the corresponding set M
red
r,2 ⊂Mr,2 of charac-
ters of reducible representations. A representation ρ = (A1, . . . , Ar) is reducible if and only
if all Ai share at least one eigenvector.
• Irreducible representations Rirrr,2 ⊂ Rr,2 and the corresponding set M
irr
r,2 ⊂ Mr,2 of char-
acters of irreducible representations. This is the complement of Rredr,2 . It consists of the
representations ρ such that PGL(2,C) acts freely on ρ, and the orbit PGL(2,C) ·ρ is closed.
Therefore Mirrr,2 = R
irr
r,2/PGL(2,C).
3.1. The reducible locus. Let us start by computing e(Mredr,2 ). For a reducible representation,
we have a basis of C2 in which
ρ =
((
λ1 ∗
0 λ−11
)
,
(
λ2 ∗
0 λ−12
)
, . . . ,
(
λr ∗
0 λ−1r
))
.
The corresponding point is determined by (λ1, . . . , λr) ∈ (C
∗)r, modulo (λ1, . . . , λr) ∼ (λ
−1
1 , . . . , λ
−1
r ).
Note that the action of λ 7→ λ−1 on X = C∗ has e(X)+ = q and e(X)− = −1. Writing Xi = C∗,
i = 1, . . . , r, we have that
e(X1 × . . .×Xr)
+ =
∑
ǫ∈A
r∏
i=1
e(Xi)
ǫi
= qr +
(
r
2
)
qr−2 +
(
r
4
)
qr−4 + . . .+
(
r
2[ r2 ]
)
qr−2[
r
2
]
=
1
2
((q + 1)r + (q − 1)r),
where A = {(ǫ1, . . . , ǫr) ∈ (±1)
r |
∏
ǫi = +1}. Also
e(X1 × . . .×Xr)
− = e(X1 × . . .×Xr)− e(X1 × . . .×Xr)+
= (q − 1)r −
1
2
((q + 1)r + (q − 1)r)
=
1
2
((q − 1)r − (q + 1)r).
Also note that e(Mredr,2 ) = e((X1 × . . .×Xr)/Z2) = e(X1 × . . .×Xr)
+.
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3.2. The reducible representations. Now we move to the computation of e(Rredr,2 ). We stratify
the space as follows Rredr,2 = R0 ∪R1 ∪R2 ∪R3, where:
• R0 consists of (A1, . . . , Ar) = (± Id, . . . ,± Id). So e(R0) = 2
r.
• R1 consists of
ρ ∼
((
λ1 0
0 λ−11
)
,
(
λ2 0
0 λ−12
)
, . . . ,
(
λr 0
0 λ−1r
))
,
that is, abelian representations (all matrices are diagonalizable with respect to the same
basis). Here (λ1, . . . , λr) 6= (±1, . . . ,±1). Therefore this space is parametrized by
(PGL(2,C)/D × ((C∗)r − {(±1, . . . ,±1)}))/Z2,
whereD is the space of diagonal matrices. We know that e(PGL(2,C)/D)+ = q2, e(PGL(2,C)/D)− =
q by [10, Proposition 3.2]. By our computation above, for B = (C∗)r − {(±1, . . . ,±1)}, we
have e(B)+ = 12 ((q + 1)
r + (q − 1)r)− 2r and e(B)− = 12 ((q − 1)
r − (q + 1)r). Therefore
e(R1) = e(PGL(2,C)/D)
+e(B)+ + e(PGL(2,C)/D)−e(B)−
= q2
1
2
((q + 1)r + (q − 1)r − 2r) + q
1
2
((q − 1)r − (q + 1)r)
=
1
2
(q2 − q)(q + 1)r +
1
2
(q2 + q)(q − 1)r − q22r .
• R2 consists of
ρ ∼
((
±1 a1
0 ±1
)
,
(
±1 a2
0 ±1
)
, . . . ,
(
±1 ar
0 ±1
))
,
where (a1, . . . , ar) ∈ C
r−{0}. Let B2 be the space of representations as above with respect
to the canonical basis. Therefore, there is a canonical surjective map B2×PGL(2,C)։ R2.
The fibers of this map are given H2 =
{(
a b
0 a−1
)}
∼= C∗ × C. That is, H2 → B2 ×
PGL(2,C)→ R2 is a fibration to which we apply Formula (1) to obtain:
e(R2) =
e(B2)e(PGL(2,C))
e(H2)
=
2r(qr − 1)(q3 − q)
q(q − 1)
= 2r(qr − 1)(q + 1).
• R3 consists of
ρ ∼
((
λ1 b1
0 λ−11
)
,
(
λ2 b2
0 λ−12
)
, . . . ,
(
λr br
0 λ−1r
))
,
where λi ∈ C
∗, (λ1, . . . , λr) 6= (±1, . . . ,±1). Here, (b1, . . . , br) ∈ Cr and the upper diagonal
matrices
(
1 y
0 1
)
transforms (b1, . . . , br) 7→ (b1 + y(λ1 − λ
−1
1 ), . . . , br + y(λr − λ
−1
r )). As
(λ1, . . . , λr) 6= (±1, . . . ,±1), this action is non-trivial. Note that (b1, . . . , br) does not live in
the line spanned by (λ1−λ
−1
1 , . . . , λr−λ
−1
r ). There is a fibration H3 → B3×PGL(2,C)→
R3 where H3 =
{(
a b
0 a−1
)}
∼= C∗ × C. Thus
e(R3) = (q
r − q)((q − 1)r − 2r)e(PGL(2,C))/q(q − 1)
=
qr−1 − 1
q − 1
((q − 1)r − 2r)(q3 − q)
= (qr−1 − 1)(q − 1)r−1(q3 − q)− 2r
qr−1 − 1
q − 1
(q3 − q).
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Now we add all the subsets together:
e(Rredr,2 ) =e(R0) + e(R1) + e(R2) + e(R3)
=
1
2
(q2 − q)(q + 1)r +
1
2
(q2 + q)(q − 1)r + (qr−1 − 1)(q − 1)r−1(q3 − q).
3.3. The irreducible locus. Recall that Rirrr,2 = SL(2,C)
r −Rredr,2 , so
e(Rirrr,2 ) = (q
3 − q)r −
1
2
(q2 − q)(q + 1)r −
1
2
(q2 + q)(q − 1)r − (qr−1 − 1)(q − 1)r−1(q3 − q).
So
e(Mirrr,2 ) =
e(Rirrr,2 )
q3 − q
= (q3 − q)r−1 −
1
2
(q + 1)r−1 −
1
2
(q − 1)r−1 − (qr−1 − 1)(q − 1)r−1.
Finally,
e(Mr,2) = e(M
irr
r,2 ) + e(M
red
r,2 ) = e(M
irr
r,2 ) +
1
2
((q + 1)r + (q − 1)r)
= (q3 − q)r−1 +
1
2
q(q + 1)r−1 +
1
2
q(q − 1)r−1 − qr−1(q − 1)r−1.
This agrees with [1].
4. E-polynomial of the PGL(2,C)-character variety of free groups
Let us compute the E-polynomial of M(Fr,PGL(2,C)). The space of representations will be
denoted
R¯r,2 = Hom(Fr ,PGL(2,C)) = {(A1, . . . , Ar)|Ai ∈ PGL(2,C)} = PGL(2,C)
r.
Note that PGL(2,C) = SL(2,C)/{± Id}, so R¯r,2 = Rr,2/{(± Id, . . . ,± Id)}. The character variety
is
M¯r,2 = R¯r,2//PGL(2,C).
We denote by R¯redr,2 and R¯
irr
r,2 the subsets of reducible and irreducible representations, respectively,
of R¯r,2. We denote by M¯
red
r,2 and M¯
irr
r,2 the corresponding spaces in M¯r,2.
The reducible locus. We first compute e(M¯redr,2 ). A reducible representation in M¯
red
r,2 is deter-
mined by the eigenvalues (λ1, . . . , λr) ∈ (C
∗)r, modulo λi ∼ −λi, 1 ≤ i ≤ r, and (λ1, . . . , λr) ∼
(λ−11 , . . . , λ
−1
r ). So it is determined by (λ
2
1, . . . , λ
2
r) ∈ (C
∗)r, modulo (λ21, . . . , λ
2
r) ∼ (λ
−2
1 , . . . , λ
−2
r ).
The space isomorphic to that in Section 3.1, so e(M¯redr,2 ) =
1
2 ((q + 1)
r + (q − 1)r).
The reducible representations. Now we compute e(R¯redr,2 ). We stratify it as R¯
red
r,2 = R¯0 ∪ R¯1 ∪
R¯2 ∪ R¯3, where:
• R¯0 consists of one point (A1, . . . , Ar) = (Id, . . . , Id). So e(R0) = 1.
• R¯1 consists of
ρ ∼
((
λ1 0
0 λ−11
)
,
(
λ2 0
0 λ−12
)
, . . . ,
(
λr 0
0 λ−1r
))
,
where the eigenvalues are determined by (λ21, . . . , λ
2
r) 6= (1, . . . , 1). This space is parametrized
by (PGL(2,C)/D × ((C∗)r − {(1, . . . , 1)}))/Z2, where D is the space of diagonal matrices.
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Using that e(PGL(2,C)/D)+ = q2, e(PGL(2,C)/D)− = q, and e(B)+ = 12 ((q + 1)
r + (q −
1)r)− 1, e(B)− = 12 ((q − 1)
r − (q + 1)r), for B = ((C∗)r − {(1, . . . , 1)}), we have
e(R¯1) = e(PGL(2,C)/D)
+e(B)+ + e(PGL(2,C)/D)−e(B)−
= q2
1
2
((q + 1)r + (q − 1)r − 1) + q
1
2
((q − 1)r − (q + 1)r)
=
1
2
(q2 − q)(q + 1)r +
1
2
(q2 + q)(q − 1)r − q2 .
• R¯2 consists of
ρ ∼
((
1 a1
0 1
)
,
(
1 a2
0 1
)
, . . . ,
(
1 ar
0 1
))
,
where (a1, . . . , ar) ∈ C
r − {0}. Then
e(R¯2) = e(R2)/2
r = (qr − 1)(q + 1).
• R¯3 consists of
ρ ∼
((
λ1 b1
0 λ−11
)
,
(
λ2 b2
0 λ−12
)
, . . . ,
(
λr br
0 λ−1r
))
,
where λi ∈ C
∗, (λ21, . . . , λ
2
r) 6= (1, . . . , 1). Here (b1, . . . , br) ∈ C
r−〈(λ1−λ
−1
1 , . . . , λr−λ
−1
r )〉.
There is a fibration H3 → B3 × PGL(2,C) → R¯3 where B3 parametrizes (λ
2
1, . . . , λ
2
r) and
(b1, . . . , br), and H3 =
{(
a b
0 a−1
)}
∼= C∗ × C. Then
e(R¯3) = (q
r − q)((q − 1)r − 1)e(PGL(2,C))/q(q − 1)
=
qr−1 − 1
q − 1
((q − 1)r − 1)(q3 − q).
Now we add all subsets together to obtain:
e(R¯redr,2 ) =e(R¯0) + e(R¯1) + e(R¯2) + e(R¯3)
=
1
2
(q2 − q)(q + 1)r +
1
2
(q2 + q)(q − 1)r + (qr−1 − 1)(q − 1)r−1(q3 − q)
=e(Rredr,2 ).
The irreducible locus. Clearly, as e(SL(2,C)) = q3 − q = e(PGL(2,C)) and e(R¯redr,2 ) = e(R
red
r,2 ),
we have that e(R¯irrr,2 ) = e(R
irr
r,2 ). Therefore e(M¯
irr
r,2 ) = e(M
irr
r,2 ). Finally, since e(M¯
red
r,2 ) = e(M
red
r,2 ),
we have that
e(M¯r,2) = e(Mr,2) = (q
3 − q)r−1 +
1
2
q(q + 1)r−1 +
1
2
q(q − 1)r−1 − qr−1(q − 1)r−1.
5. E-polynomial of the SL(3,C)-character variety for F1
Having given a new geometric derivation of the E-polynomial for Mr,2 and M¯r,2, in the next
sections we work out the E-polynomial of Mr,3 and M¯r,3 in a similar fashion.
However, in this section we first address the r = 1 case. Although it is easy to see that Mr,n ∼=
Cn−1 via the coefficients of the characteristic polynomial, and hence e(Mr,n) = qn−1, this case will
motivate the more complicated stratification, and the use of the equivariant E-polynomial, needed
to compute the general E-polynomials for Mr,3 and M¯r,3 when r ≥ 2.
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We begin by working out the E-polynomials for GL(3,C), SL(3,C), and PGL(3,C). Like in the
previous sections, we then stratify Hom(F1, SL(3,C)) by orbit-type and compute the E-polynomial
for each strata.
Lemma 4. e(SL(3,C)) = e(PGL(3,C)) = (q3 − 1)(q3 − q)q2 = q8 − q6 − q5 + q3.
Proof. Consider Cn, and let Vk be the Stiefel manifold of k linearly independent vectors in C
n.
Then, there is a (Zariski locally trivial) fibration Cn − Ck−1 → Vk → Vk−1. Therefore e(Vk) =∏k−1
i=0 (q
n − qi). So e(GL(n,C)) = e(Vn) =
∏n−1
i=0 (q
n − qi).
Now there is a (Zariski locally trivial) fibrationC∗ → GL(n,C)→ PGL(n,C), hence e(PGL(n,C)) =
e(GL(n,C))/(q − 1) = qn−1
∏n−2
i=0 (q
n − qi).
For SL(n,C), the choice of (v1, . . . , vn−1) ∈ Vn−1 determines an affine hyperplane
{v ∈ Cn| det(v1, . . . , vn−1, v) = 1}.
This gives a (Zariski locally trivial) affine bundle Cn−1 → SL(n,C)→ Vn−1, and hence e(SL(n,C)) =
qn−1
∏n−2
i=0 (q
n − qi). 
Now let us consider the representations of F1 to SL(3,C). This is equivalent to studying the
conjugation action of PGL(3,C) on X := SL(3,C). For this action, there are 6 strata types. In
the following list, we write down all 6 strata, but include the computation of their E-polynomials
for only the first 5. This is because the computation is apparent from the geometric description of
each stratum alone in those cases. Here they are:
• X0 formed by matrices of type

 ξ 0 00 ξ 0
0 0 ξ

. Here ξ3 = 1. So X0 consists of 3 points and
e(X0) = 3.
• X1 formed by matrices of type

 ξ 0 00 ξ 1
0 0 ξ

. Here ξ3 = 1, so ξ admits 3 values. The stabi-
lizer of this matrix is U1 =



 µ
−2 0 b
a µ c
0 0 µ



 ∼= C∗×C3. So e(X1) = 3e(PGL(3,C)/U1) =
3(q3 − 1)(q3 − q)q2/q3(q − 1) = 3q4 + 3q3 − 3q − 3.
• X2 formed by matrices of type

 ξ 1 00 ξ 1
0 0 ξ

. Here ξ3 = 1, so ξ admits 3 values. The
stabilizer of this matrix is U2 =



 1 b c0 1 b
0 0 1



 ∼= C2. So e(X1) = 3e(PGL(3,C)/U2) =
3(q3 − 1)(q3 − q)q2/q2 = 3q6 − 3q4 − 3q3 + 3q.
• X3 formed by matrices of type

 λ 0 00 λ 0
0 0 λ−2

, where λ ∈ C∗−{ξ|ξ3 = 1}. The stabilizer
of this matrix is U3 =
{(
A 0
0 (detA)−1
)
| A ∈ GL(2,C)
}
∼= GL(2,C). So e(X3) =
(q− 4)e(PGL(3,C)/U3) = (q− 4)(q
3− 1)(q3− q)q2/(q2− 1)(q2− q) = q5− 3q4− 3q3− 4q2.
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• X4 formed by matrices of type

 λ 1 00 λ 0
0 0 λ−2

, where λ ∈ C∗ − {ξ | ξ3 = 1}. The
stabilizer of this matrix is U4 =



 µ b 00 µ 0
0 0 µ−2



 ∼= C∗ × C. So e(X4) = (q −
4)e(PGL(3,C)/U4) = (q − 4)(q
3 − 1)(q3 − q)q2/q(q − 1) = q7 − 3q6 − 4q5 − q4 + 3q3 + 4q2.
• X5 formed by matrices of type

 λ 0 00 µ 0
0 0 γ

, where λ, µ, γ ∈ C∗ are different and λµγ = 1.
The stabilizer is isomorphic to the diagonal matrices D ∼= C∗×C∗. The parameter space is
B = {(λ, µ) ∈ (C∗)2 | λ 6= µ−2, µ 6= λ−2, µ 6= λ}.
The map PGL(3,C)/D ×B → X5 is a 6:1 cover. Moreover,
X5 ∼= (PGL(3,C)/D ×B)/Σ3,
where the symmetric group Σ3 acts on PGL(3,C) by permuting the columns and acts on
the triple (λ, µ, γ = λ−1µ−1) by permuting the entries.
We now compute e(X5) using the equivariant E-polynomial. Consider the finite group F = Σ3.
The representation ring R(F ) is generated by three irreducible representations:
• T is the (one-dimensional) trivial representation.
• S is the sign representation. This is one-dimensional and given by the sign map Σ3 →
{±1} ⊂ GL(1,C).
• V is the two-dimensional representation given as follows. Take St = C3 the standard 3-
dimensional representation. This is generated by e1, e2, e3 and Σ3 acts by permuting the
elements of the basis. Then T = 〈e1 + e2 + e3〉 and we can decompose St = T ⊕ V .
The representation ring R(Σ3) has a multiplicative structure given by: T ⊗ T = T , T ⊗ S = S,
T ⊗ V = V , S ⊗ S = T , S ⊗ V = V , V ⊗ V = T ⊕ S ⊕ V .
Lemma 5.
• eΣ3(B) = (q
2 − q + 1)T + S − 2(q − 2)V .
• eΣ3(PGL(3,C)/D) = q
6T + q3S + (q5 + q4)V .
Proof. Write, for a quasi-projective variety X with a Σ3-action, eΣ3(X) = aT + bS + cV . Then
a = e(X/Σ3). If we consider the cycle (1, 2) and the subgroup H = 〈(1, 2)〉, there is a map
R(F )→ R(H) which sends T 7→ T , S 7→ N and V 7→ T +N . Then eH(X) = aT +bN+c(T +N) =
(a+ c)T + (b + c)N . Therefore, a+ c = e(X/H). As e(X) = a+ b + 2c, we can compute a, b, c by
knowing these E-polynomials.
For B = {(λ, µ) ∈ (C∗)2 | λ 6= µ−2, µ 6= λ−2, µ 6= λ}, the three curves λ = µ−2, µ = λ−2, µ = λ
intersect at the three points {(ξ, ξ) | ξ3 = 1}. Hence e(B) = (q − 1)2 − 3(q− 4)− 3 = q2 − 5q + 10.
Now Σ3 acts on (λ, µ, γ) and the quotient space is parametrized by s = λ+µ+γ, t = λµ+λγ+µγ
and p = λµγ = 1, that is, by (s, t) ∈ C2. We have to remove the cases s = λ + λ−2 + λ,
t = λ−1 + λ2 + λ−1. This defines a rational curve in C2. It has two points at infinity. The map
λ 7→ (2λ+ λ−2, 2λ−1 + λ2) is an embedding. Therefore e(B/Σ3) = q2 − (q − 1) = q2 − q + 1.
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The action by H permutes (λ, µ), hence the quotient is parametrized by s′ = λ+µ, p′ = λµ 6= 0.
We have to remove the cases s′ = λ+λ−2, p′ = λ−1, that is, s′ = (p′)−1+(p′)2; and s′ = 2λ, p′ = λ2,
i.e., 4p′ = (s′)2. They intersect at three points. Then e(B/H) = q(q−1)−2(q−1)+3 = q2−3q+5.
Thus
eΣ3(B) = (q
2 − q + 1)T + S − 2(q − 2)V.
For C = PGL(3,C)/D, the space C consists of points in (P2)3−∆, where ∆ is the diagonal (triples
of coplanar points). Certainly, a matrix in GL(3,C) can be written as (v1, v2, v3), where v1, v2, v3 are
linearly independent vectors. Taking a quotient by the diagonal matrices corresponds to the vectors
up to a scalar: [v1], [v2], [v3]. Therefore, e(C) = (q
3 − 1)(q3 − q)q2/(q − 1)2 = q6 + 2q5 + 2q4 + q3.
The group Σ3 acts by permuting the vectors, so C/Σ3 = Sym
3
P2 − ∆¯, where ∆¯ consists of
linearly dependent triples ([v1], [v2], [v3]). If they are equal, the set has e(P
2) = q2 + q + 1. If they
are collinear, there is a fibration with fiber Sym3(P1)−∆ and base (P2)∨. This has E-polynomial
(1+q+q2+q3−1−q)(1+q+q2) = q5+2q4+2q3+q2. Also e(Sym3 P2) = q6+q5+2q4+2q3+2q2+q+1.
Therefore
e(C/Σ3) = q
6 + q5 + 2q4 + 2q3 + 2q2 + q + 1− (q5 + 2q4 + 2q3 + q2 + q2 + q + 1) = q6.
The group H acts by permuting the first two vectors, so C/H = Sym2 P2 × P2 − ∆¯′, where
∆¯′ consists of linearly dependent triples ([v1], [v2], [v3]). If [v1] = [v2], we have E-polynomial
(q2 + q + 1)(q2 + q + 1) = q4 + 2q3 + 3q2 + 2q + 1. If [v1] 6= [v2], they lie in Sym
2
P2 − ∆ and
we have E-polynomial (q4 + q3 + 2q2 + q + 1 − (q2 + q + 1))(q + 1) = q5 + 2q4 + 2q3 + q2. Also
e(Sym2 P2 × P2) = (q4 + q3 + 2q2 + q + 1)(q2 + q + 1), so
e(C/H) =q6 + 2q5 + 4q4 + 4q3 + 4q2 + 2q + 1
− (q5 + 2q4 + 2q3 + q2 + q4 + 2q3 + 3q2 + 2q + 1)
=q6 + q5 + q4.
This produces the polynomial
eΣ3(C) = q
6T + q3S + (q5 + q4)V.

Remark 6. If we consider B′ = {(λ, µ) ∈ (C∗)2}, then the proof of Lemma 5 says that eΣ3(B
′) =
q2T + S − qV .
Now suppose eΣ3(X) = aT + bS + cV and eΣ3(X
′) = a′T + b′S + c′V . Then
eΣ3(X ×X
′) = (aa′ + bb′ + cc′)T + (ab′ + ba′ + cc′)S + (ac′ + ca′ + bc′ + cb′ + cc′)V,
and hence
e((X ×X ′)/Σ3) = aa′ + bb′ + cc′ . (3)
We finally obtain the E-polynomial for the sixth strata X5:
e(X5) = e((B × C)/Σ3)
= (q2 − q + 1)q6 + q3 − 2(q − 2)(q5 + q4)
= q8 − q7 − q6 + 2q5 + 4q4 + q3 .
Now we add the strata together:
e(X0) + e(X1) + e(X2) + e(X3) + e(X4) + e(X5) = q
8 − q6 − q5 + q3 = e(SL(3,C)),
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as expected.
Remark 7. All elements of X = SL(3,C) are reducible. The semisimple ones are given by diagonal
matrices with entries λ, µ, γ with λµγ = 1. So they are parametrized by s = λ + µ + γ, t =
λµ + λγ + µγ = λ−1 + γ−1 + µ−1, for (s, t) ∈ C2. Hence e(M1,3) = q2, as noted at the beginning
of this section.
6. E-polynomials of character varieties for Fr, r > 1, and SL(3,C)
In this section we prove (most of) our main theorem (Theorem 1) by computing the E-polynomial
for Mr,3; the rest of Theorem 1 is proved in Section 7. The computation is similar to the compu-
tation in Section 3 except the stratification is more complicated and the equivariant E-polynomial
is needed, as was demonstrated in Section 5.
Indeed, we want to study the space of representations
Rr,3 = Hom(Fr , SL(3,C)) = {ρ : Fr → SL(3,C)} = {(A1, . . . , Ar)|Ai ∈ SL(3,C)} = SL(3,C)
r
and the corresponding character variety
Mr,3 = Hom(Fr, SL(3,C))//PGL(3,C).
Much of the algebraic structure of Mr,3 has been worked out in [7, 8, 9].
Let us start by computing the E-polynomial of the space of reducible representations Rredr,3 ⊂
Hom(Fr, SL(3,C)).
We now list the stratification and the computation of the E-polynomial for each stratum for
Rredr,3 :
(1) R0 = R01 ∪R02. R01 is formed by representations ρ = (A1, . . . , Ar) which have a common
eigenvector and such that the quotient representation is irreducible, that is,
Ai =
(
λ−2i bi ci
0
0 λiBi
)
,
where (B1, . . . , Br) ∈ R
irr
2,r . Let B01 be the space of representations of such form with
respect to the standard basis. The stabilizer of B01 (i.e. the set H01 ⊂ PGL(3,C) sending
B01 to itself) is H01 =
{(
(detB)−1 a b
0
0 B
)}
∼= GL(2,C)×C2. This means that there is
a fibration H01 → B01 × PGL(3,C)→ R01. Hence
e(R01) = (q − 1)
rq2re(Rirr2,r)
e(PGL(3,C))
q2e(GL(2,C))
.
R02 is formed by representations ρ = (A1, . . . , Ar) which have a common two-dimensional
space and upon which it acts irreducibly, that is,
Ai =
(
λiBi
0
0
bi ci λ
−2
i
)
,
where (B1, . . . , Br) ∈ R
irr
2,r . The stabilizer is now H02 =
{(
B 00
a b (detB)−1
)}
∼=
GL(2,C)× C2. Hence
e(R02) = (q − 1)
rq2re(Rirr2,r)
e(PGL(3,C))
q2e(GL(2,C))
.
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Finally, the intersection R01 ∩R02 consists of those representations with bi = ci = 0, which
have stabilizer GL(2,C), hence
e(R01 ∩R02) = (q − 1)
re(Rirr2,r)
e(PGL(3,C))
e(GL(2,C))
.
Finally e(R0) = e(R01)+ e(R02)− e(R01 ∩R02) = 2e(R01)− e(R01 ∩R02). Note that the
remaining representations have a full invariant flag.
(2) R1 is formed by representations ρ = (A1, . . . , Ar) such that the eigenvalues of all Ai are
equal (and hence cubic roots of unity). This consists of the following substrata:
• R11 consisting of matrices Ai =

 ξi 0 00 ξi 0
0 0 ξi

, where ξ3i = 1. So e(R11) = 3r.
• R12 formed by matrices of type Ai =

 ξi 0 00 ξi ai
0 0 ξi

, with ξ3i = 1 and (a1, . . . , ar) 6=
0. Then the stabilizer is H12 =



 µ
−1γ−1 0 b
a µ c
0 0 γ



 ∼= (C∗)2 × C3. So
e(R12) = 3
r(qr − 1)
e(PGL(3,C))
(q − 1)2q3
.
• R13 formed by matrices of typeAi =

 ξi 0 ai0 ξi bi
0 0 ξi

, with ξ3i = 1 with (a1, . . . , ar), (b1, . . . , br)
linearly independent. Note that when they are linearly dependent, one may ar-
range a basis so that it belongs to the stratum R12. Then the stabilizer is H13 ={(
A bc
0 0 (detA)−1
)}
∼= GL(2,C)× C2, hence
e(R13) = 3
r(qr − 1)(qr − q)
e(PGL(3,C))
(q2 − 1)(q2 − q)q2
.
• R14 formed by matrices of typeAi =

 ξi ai bi0 ξi 0
0 0 ξi

, with ξ3i = 1 and (a1, . . . , ar), (b1, . . . , br)
linearly independent. Note again that when they are linearly dependent, one may ar-
range a basis so that it belongs to the stratum R12. Then the stabilizer is H14 ={(
(detA)−1 b c
0
0 A
)}
∼= GL(2,C)× C2, hence
e(R14) = 3
r(qr − 1)(qr − q)
e(PGL(3,C))
(q2 − 1)(q2 − q)q2
.
• R15 formed by matrices of typeAi =

 ξi ai bi0 ξi ci
0 0 ξi

, with ξ3i = 1 and (a1, . . . , ar), (c1, . . . , cr)
are both non-zero (if one of them is zero, then we are back in the case R13). Then the
stabilizer is H15 =



 a b c0 d e
0 0 f



. Hence
e(R14) = 3
r(qr − 1)2qr
e(PGL(3,C))
(q − 1)2q3
.
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All together, we have
e(R1) = 3
r
(
1 + (1 + q + q2)(q3r+1 + q3r − 2q2r+1 + q − 1)
)
.
(3) R2 formed by matrices with eigenvalues (λi, λi, µi). Let λ = (λ1, . . . , λr),µ = (µ1, . . . , µr),
with λ−µ 6= 0. Note that µi = λ
−2
i , so the parameter space has E-polynomial (q−1)
r−3r.
We have the substrata:
• R21 consists of representations of type Ai =

 λi 0 00 λi 0
0 0 µi

. The stabilizer is
P (GL(2,C)× C∗) ∼= GL(2,C), so
e(R21) = ((q − 1)
r − 3r)
e(PGL(3,C))
(q2 − 1)(q2 − q)
.
• R22 consists of representations of type Ai =

 λi ai bi0 λi ci
0 0 µi

, with a 6= 0, b =
(b1, . . . , br), c = (c1, . . . , cr) ∈ C
r. The stabilizer is H22 =



 a b c0 d e
0 0 f



. Hence
e(R22) = ((q − 1)
r − 3r)(qr − 1)q2r
e(PGL(3,C))
(q − 1)2q3
.
• R23 consists of representations of type Ai =

 λi 0 00 λi ai
0 0 µi

, with a /∈ 〈λ − µ〉. If
a = x(λ − µ), x ∈ C, then we can arrange a basis so that this belongs to the stratum
R21. The stabilizer is H23 =



 a 0 0b c d
0 0 e



. So
e(R23) = ((q − 1)
r − 3r)(qr − q)
e(PGL(3,C))
(q − 1)2q2
.
• R24 consists of representations of type Ai =

 λi 0 ai0 λi bi
0 0 µi

, with a,b and λ − µ
linearly independent (if they where linearly dependent, one can arrange a basis so that
we go back to case R23). The stabilizer is H24 =
{(
A ab
0 0 (detA)−1
)}
. Hence
e(R24) = ((q − 1)
r − 3r)(qr − q)(qr − q2)
e(PGL(3,C))
(q2 − 1)(q2 − q)q2
.
• R25 consists of representations of type Ai =

 µi ai bi0 λi ci
0 0 λi

, with a /∈ 〈λ−µ〉, c 6= 0.
The stabilizer is H25 =



 a b c0 d e
0 0 f



. Hence
e(R25) = ((q − 1)
r − 3r)(qr − 1)(qr − q)qr
e(PGL(3,C))
(q − 1)2q3
.
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• R26 consists of representations of type Ai =

 µi 0 bi0 λi ci
0 0 λi

, with b /∈ 〈λ−µ〉, c 6= 0.
(If b is a multiple of λ−µ, then we can arrange with a suitable basis that b = 0, and
this belongs to the substrata R22). The stabilizer is H26 =



 a 0 b0 c d
0 0 e



. Hence
e(R26) = ((q − 1)
r − 3r)(qr − 1)(qr − q)
e(PGL(3,C))
(q − 1)2q2
.
• R27 consists of representations of type Ai =

 µi ai 00 λi 0
0 0 λi

, with a /∈ 〈λ−µ〉. The
stabilizer is H27 =



 a b 00 c 0
0 d e



. Hence
e(R27) = ((q − 1)
r − 3r)(qr − q)
e(PGL(3,C))
(q − 1)2q2
.
• R28 consists of representations of type Ai =

 µi ai bi0 λi 0
0 0 λi

, with a,b,λ−µ linearly
independent (otherwise we can reduce to the case R27). The stabilizer is H28 ={(
(detA)−1 b c
0
0 A
)}
. Hence
e(R28) = ((q − 1)
r − 3r)(qr − q)(qr − q2)
e(PGL(3,C))
(q2 − q)(q2 − 1)q2
.
• R29 consists of representations of type Ai =

 λi ai bi0 µi ci
0 0 λi

, with a, c /∈ 〈λ − µ〉.
The stabilizer is H29 =



 a b c0 d e
0 0 f



. Hence
e(R29) = ((q − 1)
r − 3r)(qr − q)2qr
e(PGL(3,C))
(q − 1)2q3
.
All together, we have
e(R2) =((q − 1)
r − 3r)(q2 + q + 1)(3q3r+1 + 3q3r − 2q2r+2 − 4q2r+1 + q3).
(4) R3 is formed by matrices with eigenvalues (λi, µi, γi) such that λ = (λ1, . . . , λr),µ =
(µ1, . . . , µr),γ = (γ1, . . . , γr) satisfy λ − µ,µ− γ,λ − γ 6= 0. Note that λiµiγi = 1 for all
1 ≤ i ≤ r. The base Br parametrizing (λ,µ,γ) has E-polynomial e(Br) = (q− 1)
2r− 3(q−
1)r + 2 · 3r.
• R31 consists of representations of type Ai =

 λi 0 00 µi 0
0 0 γi

. Then the stabilizer is
D×Σ3, where D are the diagonal matrices. So we have to compute the E-polynomial
of the quotient R31 = (PGL(3,C)/D ×Br)/Σ3. We start by computing eΣ3(Br). Let
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B′r = {(λ,µ,γ) ∈ (C
∗)3r | λµγ = (1, . . . , 1)}. This is B′r = (B
′)r, in the notation of
Remark 6. Then
eΣ3(B
′
r) = eΣ3(B
′)r = (q2T + S − qV )r.
Using the properties T ⊗ T = T , T ⊗ S = S, T ⊗ V = V , S ⊗ S = T , S ⊗ V = V ,
V ⊗ V = T ⊕ S ⊕ V , it is easy to see that V b = abV + ab−1(T + S), where ab =
ab−1 + 2ab−2, with a0 = 0, a1 = 1. This recurrence solves as ab = (2b − (−1)b)/3.
Therefore:
eΣ3(B
′
r) = (q
2T + S − qV )r (4)
=
∑ r!
(r − a− b)!a!b!
q2(r−a−b)Sa(−q)bV b
=
∑ r!
(r − a)!a!
q2(r−a)Sa +
∑
b>0
r!
(r − a− b)!a!b!
q2(r−a−b)Sa(−q)bV b
=
(q2 + 1)r + (q2 − 1)r
2
T +
(q2 + 1)r − (q2 − 1)r
2
S
+
∑
b>0
r!
(r − a− b)!a!b!
q2(r−a−b)Sa(−q)b
(
2b − (−1)b
3
V +
2b−1 − (−1)b−1
3
(T + S)
)
=
(q2 + 1)r + (q2 − 1)r
2
T +
(q2 + 1)r − (q2 − 1)r
2
S +
1
3
(
(q2 − 2q + 1)r − (q2 + q + 1)r
)
V
+
1
3
(
1
2
(q2 − 2q + 1)r + (q2 + q + 1)r −
3
2
(q2 + 1)r
)
(T + S)
=
(
(q2 − 1)r
2
+
1
6
(q − 1)2r +
1
3
(q2 + q + 1)r
)
T
+
(
−
(q2 − 1)r
2
+
1
6
(q − 1)2r +
1
3
(q2 + q + 1)r
)
S +
1
3
(
(q − 1)2r − (q2 + q + 1)r
)
V.
Now we have to look at the part that we removed: Cr = {(λ,λ,λ
−2) | λ ∈ (C∗)r} ∪
{(λ,λ−2,λ) | λ ∈ (C∗)r} ∪ {(λ−2,λ,λ) | λ ∈ (C∗)r}. Then e(Cr) = 3(q− 1)r − 2 · 3r.
The quotient Cr/Σ3 ∼= (C
∗)r, so e(Cr/Σ3) = (q − 1)r. And for H = 〈(1, 2)〉 we
have Cr/H ∼= {(λ,λ,λ
−2) | λ ∈ (C∗)r} ∪ {(λ,λ−2,λ) | λ ∈ (C∗)r}, so e(Cr/H) =
2(q − 1)r − 3r. Hence,
eΣ3(Cr) = (q − 1)
rT + ((q − 1)r − 3r)V.
For Br = B
′
r − Cr, we have
eΣ3(Br) =
(
(q2 − 1)r
2
+
1
6
(q − 1)2r +
1
3
(q2 + q + 1)r − (q − 1)r
)
T (5)
+
(
−
(q2 − 1)r
2
+
1
6
(q − 1)2r +
1
3
(q2 + q + 1)r
)
S
+
(
1
3
(q − 1)2r −
1
3
(q2 + q + 1)r − (q − 1)r + 3r
)
V.
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Hence Formula (3) and Lemma 5 imply
e(R31) = aa
′ + bb′ + cc′
=
(
(q2 − 1)r
2
+
1
6
(q − 1)2r +
1
3
(q2 + q + 1)r − (q − 1)r
)
q6
+
(
−
(q2 − 1)r
2
+
1
6
(q − 1)2r +
1
3
(q2 + q + 1)r
)
q3
+
(
1
3
(q − 1)2r −
1
3
(q2 + q + 1)r − (q − 1)r + 3r
)
(q5 + q4).
• R32 consists of representations of type Ai =

 λi 0 00 µi ai
0 0 γi

 with a /∈ 〈µ− γ〉. The
stabilizer is H32 =



 a 0 00 b c
0 0 d



. Hence,
e(R32) = ((q − 1)
2r − 3(q − 1)r + 2 · 3r)(qr − q)
e(PGL(3,C))
(q − 1)2q
.
• R33 consists of representations of type Ai =

 λi 0 ai0 µi bi
0 0 γi

 with a /∈ 〈λ − γ〉,
b /∈ 〈µ− γ〉. The stabilizer is H33 =



 a 0 b0 c d
0 0 e



× Z2, where Z2 permutes the
eigenvalues λi, µi. Therefore,
R33 =
(
Br × (C
r − C)2 × (PGL(3,C)/H33)
)
/Z2.
By (5), we have that
eH(Br) =
(
(q2 − 1)r
2
+
1
2
(q − 1)2r − 2(q − 1)r + 3r
)
T
+
(
−
(q2 − 1)r
2
+
1
2
(q − 1)2r − (q − 1)r + 3r
)
N,
since under H ⊂ Σ3, we have T 7→ T , S 7→ N , V 7→ T + N . For the second factor,
e((Cr − C)2) = (qr − q)2 and e(Sym2(Cr − C)) = q2r − qr+1, so
eH((C
r − C)2) = (q2r − qr+1)T + (q2 − qr+1)N.
Finally, PGL(3,C)/H33 ∼= P
2 × P2 − ∆, by considering the first two columns of the
matrix, and where ∆ is the diagonal. As e(P2 × P2 −∆) = (1 + q + q2)(q + q2) and
e(Sym2 P2 − ∆¯) = q4 + q3 + q2, we have
eH(PGL(3,C)/H33) = (q
4 + q3 + q2)T + (q3 + q2 + q)N.
Hence,
e(R33) =
(
(q2 − 1)r
2
+
1
2
(q − 1)2r − 2(q − 1)r + 3r
)(
(q2r − qr+1)(q4 + q3 + q2) + (q2 − qr+1)(q3 + q2 + q)
)
+
(
−
(q2 − 1)r
2
+
1
2
(q − 1)2r − (q − 1)r + 3r
)(
(q2r − qr+1)(q3 + q2 + q) + (q2 − qr+1)(q4 + q3 + q2)
)
.
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• R34 consists of representations of type Ai =

 λi ai bi0 µi 0
0 0 γi

 with a /∈ 〈λ − µ〉,
b /∈ 〈λ − γ〉. The stabilizer is H34 =



 a b c0 d 0
0 0 e



. The computations are
analogous to the case of R33, so e(R33) = e(R34).
• R35 consists of representations of type Ai =

 λi ai bi0 µi ci
0 0 γi

 with a /∈ 〈λ − µ〉,
c /∈ 〈µ− γ〉. The stabilizer is



 a b c0 d e
0 0 f



. Hence
e(R35) = ((q − 1)
2r − 3(q − 1)r + 2 · 3r)(qr − q)2qr
e(PGL(3,C))
(q − 1)2q3
.
All together, we have:
e(R3) =(2 · 3
r − 3(q − 1)r + (q − 1)2r)(q + 1)(q2 + q + 1)(qr − q)(q2 + q2r − q1+r)
+ (2 · 3r − 2(q − 1)r + (q − 1)2r − (q2 − 1)r)q(q2 + q + 1)(qr − q)(qr − q2)
+ (2 · 3r − 4(q − 1)r + (q − 1)2r + (q2 − 1)r)q2(q2 + q + 1)(qr − 1)(qr − q)+
+
1
6
q3((q − 1)2r − 3(q2 − 1)r + 2(q2 + q + 1)r + 2q(q + 1)(3r+1 − 3(q − 1)r + (q − 1)2r − (q2 + q + 1)r))
+
1
6
q6(−6(q − 1)r + (q − 1)2r + 3(q2 − 1)r + 2(q2 + q + 1)r).
Therefore,
e(Rredr,3 ) =
1
3
(q2 + q + 1)r(q − 1)2q3(q + 1) + (q2 + q + 1)(2q2r − q2)(q − 1)2rqr(q + 1)r
−
1
3
(q − 1)2r(q + 1)(q2 + q + 1)(3q3r − 3qr+2 + q3),
and so,
e(Rirrr,3 ) = e(Rr,3)− e(R
red
r,3 ) = e(SL(3,C))
r − e(Rredr,3 ),
and consequently,
e(Mirrr,3 ) = e(R
irr
r,3 )/e(PGL(3,C)) = e(SL(3,C))
r−1 − e(Rredr,3 )/e(SL(3,C)).
E-polynomial of the moduli of reducible representations. To compute e(Mr,3), it remains
to compute the moduli space of reducible representations Mredr,3 . This is formed by two strata:
(1) M0 formed by semisimple representations which split into irreducible representations of
ranks 1 and 2, that is, of the form:
Ai =
(
λ−2i 0 0
0
0 λiBi
)
,
where (B1, . . . , Br) ∈M
irr
r,2 . So e(M0) = (q − 1)
re(Mirrr,2 ).
(2) M1 formed by semisimple representations which split into three irreducible representa-
tions of rank 1. These are given by eigenvalues λ = (λ1, . . . , λr),µ = (µ1, . . . , µr),γ =
18 S. LAWTON AND V. MUN˜OZ
(γ1, . . . , γr) ∈ (C
∗)r where λiµiγi = 1 for all 1 ≤ i ≤ r. This is the space B′r whose
E-polynomial has been computed in (4). Thus
e(M1) = e(B
′
r/Σ3) =
(q2 − 1)r
2
+
1
6
(q − 1)2r +
1
3
(q2 + q + 1)r.
Finally, e(Mredr,3 ) = e(M0) + e(M1), and adding up everything we get
e(Mr,3) =e(M
irr
r,3 ) + e(M
red
r,3 )
=(q8 − q6 − q5 + q3)r−1 + (q − 1)2r−2(q3r−3 − qr) +
1
6
(q − 1)2r−2q(q + 1)
+
1
2
(q2 − 1)r−1q(q − 1) +
1
3
(q2 + q + 1)r−1q(q + 1)− (q − 1)r−1qr−1(q2 − 1)r−1(2q2r−2 − q).
This completes the main part of the proof of Theorem 1. It remains to show that e(Mr,3) =
e(M¯r,3), which we do in the following section.
Remark 8. By [5], the singular locus of Mr,3 is exactly the reducible locus (and so the smooth
locus is its complement). Therefore, the above computation of M0 and M1 gives the E-polynomial
of the singular locus of Mr,3. Likewise, e(M
irr
r,3 ) is the E-polynomial of the smooth locus of Mr,3.
Moreover, by [6], the abelian character variety M(Zr, SL(3,C)) is exactly the diagonalizable repre-
sentations in Mr,3. The above computation of M1 gives the E-polynomial of M(Z
r, SL(3,C)). In
each case, setting q = 1 gives the Euler characteristic of the corresponding space.
7. E-polynomials of character varieties for Fr, r > 1, and PGL(3,C)
In this final section, we focus on the space of representations
R¯r,3 = Hom(Fr,PGL(3,C)) = {ρ : Fr → PGL(3,C)} = {(A1, . . . , Ar)|Ai ∈ PGL(3,C)} = PGL(3,C)
r
and the character variety
M¯r,3 = Hom(Fr ,PGL(3,C))//PGL(3,C).
Let ζ = e2π
√−1/3, and let Z3 = {1, ζ, ζ2} be the space of cubic roots of unity. Then PGL(3,C) =
SL(3,C)/Z3,
R¯r,3 = Rr,3/(Z3)
r, and
M¯r,3 =Mr,3/(Z3)
r
where (ζa1 , . . . , ζar ) acts as (A1, . . . , Ar) 7→ (ζ
a1A1, . . . , ζ
arAr). Clearly R¯
red
r,3 = R
red
r,3 /(Z3)
r and
R¯irrr,3 = R
irr
r,3/(Z3)
r.
We know from Lemma 4 that e(PGL(3,C)) = e(SL(3,C)). Let us see now that e(R¯redr,3 ) =
e(Rredr,3 ). We stratify R¯
red
r,3 = R¯0 ⊔ R¯1 ⊔ R¯2 ⊔ R¯3, where R¯i = Ri/(Z3)
r and the Ri, i = 0, 1, 2, 3,
have been defined in Section 6.
We now list the strata with the computation of their E-polynomials:
(1) R¯0 = R¯01 ∪ R¯02, where R¯0j = R0j/(Z3)
r, j = 1, 2. To compute e(R¯01), recall that R01 is
formed by representations ρ = (A1, . . . , Ar) with
Ai =
(
λ−2i bi ci
0
0 λiBi
)
,
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where (B1, . . . , Br) ∈ R
irr
2,r . The action of ζ
ai onAi is given by (λi, bi, ci, Bi) 7→ (ζ
aiλi, ζ
aibi, ζ
aici, ζ
aiBi).
Note that C/Z3 ∼= C and C
∗/Z3 ∼= C∗, so the relevant cohomology is invariant. Therefore
e(((C∗)r × Cr × Cr ×Rirr2,r)/(Z3)
r) = e(C∗)re(C)re(C)re(Rirr2,r/(Z3)
r).
This means that e(R¯01) = e(R01). Analogously e(R¯02) = e(R02) and e(R¯01 ∩ R¯02) =
e(R01 ∩R02), so e(R¯0) = e(R0).
(2) R¯1 = R1/(Z3)
r. Note that R1 is formed by 3
r copies of the same subvariety, hence
e(R¯1) =
e(R1)
3r
= 1 + (1 + q + q2)(q3r+1 + q3r − 2q2r+1 + q − 1).
(3) R¯2 = R2/(Z3)
r. Recall that R2 is formed by matrices with eigenvalues (λi, λi, µi) where
λ = (λ1, . . . , λr) ∈ P = (C
∗)r − {1, ζ, ζ2}r. Now P¯ = P/(Z3)r ∼= (C∗)r − {(1, 1, . . . , 1)}, so
e(P¯ ) = (q − 1)r − 1. It is more or less straightforward to see that R¯2 can be stratified by
R¯2j = R2j/(Z3)
r, j = 1, 2, . . . , 9. For each R¯2j the computation of e(R¯2j) is the same as
that of e(R2j) but replacing e(P ) = (q − 1)
r − 3r by e(P¯ ) = (q − 1)r − 1. Hence
e(R¯2) =((q − 1)
r − 1)(q2 + q + 1)(3q3r+1 + 3q3r − 2q2r+2 − 4q2r+1 + q3).
(4) R¯3 = R3/(Z3)
r. We follow the lines of the computation of e(R3). The base for the space
of eigenvalues is B¯r = Br/(Z3)
r with e(B¯r) = (q − 1)
2r − 3(q − 1)r + 2.
• Let R¯31 = R31/(Z3)
r ∼= (PGL(3,C)/D × B¯r)/Σ3. If B¯
′
r = B
′
r/(Z3)
r , then easily
eΣ3(B¯
′
r) = eΣ3(B¯
′)r = (q2T + S − qV )r = eΣ3(B
′
r). For C¯r = Cr/(Z3)
r, we have
instead that eΣ3(C¯r) = (q − 1)
rT + ((q − 1)r − 1)V , so B¯r = B¯
′
r − C¯r has
eΣ3(Br) =
(
(q2 − 1)r
2
+
1
6
(q − 1)2r +
1
3
(q2 + q + 1)r − (q − 1)r
)
T
+
(
−
(q2 − 1)r
2
+
1
6
(q − 1)2r +
1
3
(q2 + q + 1)r
)
S
+
(
1
3
(q − 1)2r −
1
3
(q2 + q + 1)r − (q − 1)r + 1
)
V,
and
e(R¯31) =
(
(q2 − 1)r
2
+
1
6
(q − 1)2r +
1
3
(q2 + q + 1)r − (q − 1)r
)
q6
+
(
−
(q2 − 1)r
2
+
1
6
(q − 1)2r +
1
3
(q2 + q + 1)r
)
q3
+
(
1
3
(q − 1)2r −
1
3
(q2 + q + 1)r − (q − 1)r + 1
)
(q5 + q4).
• R¯32 = R32/(Z3)
r has
e(R¯32) = ((q − 1)
2r − 3(q − 1)r + 2)(qr − q)
e(PGL(3,C))
(q − 1)2q
.
• R¯33 = R33/(Z3)
r ∼=
(
B¯r × (C
r − C)2 × (PGL(3,C)/H33)
)
/Z2, where H = Z2 acts by
swapping the first two eigenvalues. Now
eH(B¯r) =
(
(q2 − 1)r
2
+
1
2
(q − 1)2r − 2(q − 1)r + 1
)
T
+
(
−
(q2 − 1)r
2
+
1
2
(q − 1)2r − (q − 1)r + 1
)
N,
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so
e(R¯33) =
(
(q2 − 1)r
2
+
1
2
(q − 1)2r − 2(q − 1)r + 1
)(
(q2r − qr+1)(q4 + q3 + q2) + (q2 − qr+1)(q3 + q2 + q)
)
+
(
−
(q2 − 1)r
2
+
1
2
(q − 1)2r − (q − 1)r + 1
)(
(q2r − qr+1)(q3 + q2 + q) + (q2 − qr+1)(q4 + q3 + q2)
)
.
• R¯34 = R34/(Z3)
3 has e(R¯34) = e(R¯33).
• R¯35 = R35/(Z3)
r has
e(R¯35) = ((q − 1)
2r − 3(q − 1)r + 2)(qr − q)2qr
e(PGL(3,C))
(q − 1)2q3
.
All together, we have:
e(R¯3) =(2− 3(q − 1)
r + (q − 1)2r)(q + 1)(q2 + q + 1)(qr − q)(q2 + q2r − qr+1)
+ (2− 2(q − 1)r + (q − 1)2r − (q2 − 1)r)q(q2 + q + 1)(qr − q)(qr − q2)
+ (2− 4(q − 1)r + (q − 1)2r + (q2 − 1)r)q2(q2 + q + 1)(qr − 1)(qr − q)+
+
1
6
q3((q − 1)2r − 3(q2 − 1)r + 2(q2 + q + 1)r + 2q(q + 1)(3− 3(q − 1)r + (q − 1)2r − (q2 + q + 1)r))
+
1
6
q6(−6(q − 1)r + (q − 1)2r + 3(q2 − 1)r + 2(q2 + q + 1)r).
Adding up all the contributions we get:
e(R¯redr,3 ) =
1
3
(q2 + q + 1)r(q − 1)2q3(q + 1) + (q2 + q + 1)(2q2r − q2)(q − 1)2rqr(q + 1)r
−
1
3
(q − 1)2r(q + 1)(q2 + q + 1)(3q3r − 3qr+2 + q3)
=e(Rred).
From this e(R¯irrr,3 ) = e(R
irr
r,3 ) and e(M¯
irr
r,3 ) = e(M
irr
r,3 ).
The remaining thing to compute is e(M¯redr,3 ). This is formed by two strata:
(1) M¯0 =M0/(Z3)
r ∼= ((C∗)r ×Mirrr,2 )/(Z3)
r. Hence e(M¯0) = (q − 1)
re(M¯irrr,2 ) = e(M0).
(2) M¯1 =M1/(Z3)
r ∼= (((C∗)r)/(Z3)r)/Σ3 ∼= (C∗)r/Σ3. So e(M¯1) = e(M1).
We get finally e(M¯redr,3 ) = e(M
red
r,3 ). This concludes the proof of the equality e(M¯r,3) = e(Mr,3).
Remark 9. There is an arithmetic argument communicated to us by S. Mozgovoy to prove that
e(M¯r,n) = e(Mr,n) for n odd. It goes as follows: find infinitely many primes p such that p− 1 and
n are coprime (by Dirichlet’s theorem on arithmetic progressions); then SL(n,Fp)→ PGL(n,Fp) is
bijective and one gets a bijection between corresponding character varieties over Fp. So the count
number of points of Mr,n and M¯r,n over Fp coincide, and hence the E-polynomials coincide.
However this argument cannot be used for even n. Despite this, the E-polynomials for the
SL(2,C)-character varieties of free groups do equal those of PGL(2,C). We expect to address the
case of SL(4,C) in future work.
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